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Applications of Canonical Transformations
in Optimizing Orbital Transfers

Mihai Popescu
Institute of Applied Mathematics, Romanian Academy of Sciences, Bucharest RO-70700, Romania

The application of canonic transformation theory in determining extremals for optimal transfer problems is
presented. Thus, we obtain a closed-form solution for the transfer arc problem by evaluating an undefined integral
representing the complete solution in the case of elliptic orbital transfers. The use of a sufficient canonicity condition
allows the definition of an advantageous canonical transformation that involves determination of the generating
function as a solution of the Hamilton-Jacobi equation for the elliptic and parabolic cases.

I. Introduction

XTREMALS representing the optimal orbital transfer trajecto-

ries are solutions of a Hamiltonian system.! A canonical trans-
formation will be necessary to provide a reduction of the initial
canonical system.? Because the integration constants are canonical
constants, they might be used to define a basic solution regarding the
canonical approximation of the perturbation in the optimal transfer
problem for a low-thrust space vehicle.

The transfer arc problem was solved by Eckenwiler® and
Hempel.* Miner et al.’ and Powers and Tapley® have shown how
the solution can be obtained by Hamiltonian methods. The solutions
provided in these references require many integrations and make the
circular condition appear as a special case and not as an extension
of the elliptic case.

An efficient method for the elimination of the circular singularity
having the canonical constants as integration constants is given by
Ref. 5. The purpose of the discussion that follows is 1) to demon-
strate some of the applications of canonical transformation theory
to the analysis of optimal trajectories for space vehicles and 2) to
describe a solution to the elliptical coast-arc problem, which has no
singularities at the circular condition.

The coast-arc solution can be used as a base solution in canonical
perturbation analyses of certain classes of low-thrust problems.”~?

The advantage of such a Hamiltonian formulation is that once a
portion of the problem is solved, e.g., the coast-arc problem defined
by zero thrust, the solution of a more general problem that contains
the effects of additional forces can be approached by adding terms
to the Hamiltonian function instead of attacking the full problem.

II. Optimal Transfer
Let us consider the autonomous controlled system given by

X = filx,u) @i=1,...,n) (1)

where x is the n-dimensional state vector and u the m-dimensional
control vector.

It is assumed that the functions f;(x, »), [3f; (x,u)/0x;], i, j =
1,..., n, are defined and continuous on the manifold R, x U, so
that for the initial conditions x(t)) = x° and for a given control
u = u(t), system (1) admits a unique solution.

If we consider the performance index

J = / folx,u)dt 2)
0

the optimum problem can be stated as follows.

Given two points belonging to two different sets x° € Sy and
x! € S; and using the admissible controls # = u(¢) that transfer the
system from position x° to position x!, we seek to determine the
control for which the performance index (2) has the lowest value.

We introduce the coordinate defined by the equation

0

Xo = folx,u) ©)]
so that the system to be analyzed becomes
X = filx,u) i=0,...,n) 4
We will consider the associate system
: . 3fj .
)\,:-lea—xl (1=O,,n) (5)

which defines the vectorial function A = [A(?), A1(8), ..., A, (®)]
for the admissible control u(¢), corresponding to the trajectory x(z).
If the Hamiltonian function is introduced:

n
Hex,u,X) =Y A fi(x,u) ©)
i=0
Egs. (4) and (5) will be written in the canonic form
. dH : dH .
X; A =— i=0,...,n) ©)

N ox;
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For x(#) and A(¢) that solve system (7), there exists a control
u(t) for which the necessary optimum condition represented by
Pontryagin’s maximum principle is satisfied,

H(x(1), u(t), AM(1)] = sup H[x(1), u, A(1)] ®)

uel

foreacht € [ty, t;], where
Ao(t) = const <0 Hix(t),u(t), \(t)] =0 9)

For nonautonomous systems,

X = filx,u,t) (i=1,...,n) (10)
and the performance index
H
J =/ So(x, u, t)dt a1
0

the assumptions made in the autonomous case are maintained on
the manifold R, , ;| x U. With the substitution? = x,, |, this case
can be reduced to the case of autonomous systems.

Because H*(x, A) does not depend on the independent variable,
it follows that it is a prime integral of the canonical system, i.e.,

H*(x,2) =h (12)

where ¥ = (x1,..., X,.)and A= (A, ..., Ays).
Let v be the new independent variable defined by

dr _ -
— =x(xA) (13)
dv
Considering the Hamiltonian
H = x(%, )HH* — h] (14)

it will be shown that it verifies a canonical system.

Because the optimality conditions represent a Hamiltonian sys-
tem described by the generalized coordinatesx = (x, ..., x,) and
the generalizedmomenta A = (44, ..., 4,), it follows that the prop-
erties of Hamiltonian systems may be used in the optimal control
study.

III. Canonical Transformations
Let us consider the general form

0= Adx — Hdr (15)

i=0

The transformation { X (x, X, t), A(x, X, t)} is canonical if there
exists a function K (X, A, t) such that if we denote

Q=) AdX,—Kdt (16)

i=0
we have
do = dQ a7

Condition (17) is equivalent to the condition for the existence of a
function S(x, A, X, A, 1) so that

0=Q+dS (18)

Taking into account Egs. (15) and (16), Eq. (18) can be written
as

D (hdx — A dX) + (K — H)dt = dS (19)

i=0

Becauseforx;, X;, andt the variationcoincides with the differential,
relation (19) may be written

o as
D (Adx; — ASX) + (K — H)dt = 65 + =& Q0
i=0

from which it follows that

" BN
D (Jidx; — A8X,) = 88 K—H=— (@D

i=0

As already shown, along the optimal trajectory, dS = 0.

The performanceindex of the optimumproblemstatedis invariant
with respect to the canonical transformation performed so that if the
transformation is time independent, it follows that

> (A — ASX) =0 (22)
i=1
Let us consider the transformation

Using relation (22), it follows that

L 0D, )
A,-_Z l’ax,. (i=1,...,n) (24)
j=1

Relation (24) expresses the transformation of the Lagrange mul-
tipliers determined by the state-variablestransformation. The trans-
formed Hamiltonian K must satisfy Pontryagin’s maximum princi-
ple along the optimal trajectory; thus, it requires the determination
of the optimal control u = u°(X, A). Taking into account the ex-
tremum condition [0K (X, A)/ du] = 0, it follows that on the opti-
mal trajectory the system obtained by a canonical transformation is
Hamiltonian.

Let the equations of motion of a space vehicle be linear with
respect to the thrust vector T'.

When the thrust is off, the space vehicle’s motion represents the
natural trajectory for which X, = ¢, (a = 1,..., p) are prime
integrals of the motion.

Taking into account the structure of the Hamiltonian obtained by
the change of the independent variable expressed by relation (14),
it follows that

- dt
K = K-C 25
dXU[ ] (25)
or, for the analyzed case,
_ dr
Ky = dXU[KO — Gl (26)

where Cy = K, representsthe value of the Hamiltonian at the initial
time of the null thrust optimal trajectory arc. The existence of the
cyclic variables X, simplifies the construction of the generating
function S(x, A, X, A).

IV. Construction of the Generating Function
Let us consider the generating function
S(x, A, X, A) = 81(Xa, Xo) + Sa(x4, Ag) (27)

with the index o used for the cyclic variables.
The evaluationofthenoncyclicvariables’ differentialsis provided
by
Akka :d(Ak,Xk)—Xdek (28)
Denoting
$2(xe A+ 22 (M X = xieap = Sa(xi A (29)
k

the sufficient canonicity condition may be written, because H =
K = const, as

D (Gadry — AgdXy) + 2 (Acdx, + X, dAY)

o k

a8 a8 oS a8
=Z< Ly, + ‘dxa>+Z (—zdxk+—2dAk>
X k
a k

0Xy 0X,
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from which
08, 08,
z’a = a =
O0X¢ 0X,
_ _ (31
0S8, 0S8,
N = — = —
6xk 6Ak
If we consider the following form for S:
S A X, A) = 2 KXo+ D XAy (32)
a k
then
oS
A= — A= (Ao, L) (33)
ox

Let X, be the new independent variable. The determination of
the generating function S that makes the transformed Hamiltonian
vanish requires us to solve the Hamilton-Jacobi partial differential
equation

B k(e Zx 0 (34)
X, =, &y ) =
ox, '\ ox

Finding the complete integral of the nonlinear equation is equiv-
alent to the integration of the transformed canonical system.

From Eq. (34), we obtain

oS _
X = —K, = —k = const (35)
Integrating Eq. (35) gives
S=—kX,+W(xy,...,x,) (36)

The unknown function W will be determined by using the separation
of variables method. Thus,

W= Wix) (37)

Taking Egs. (33) and (36) into account, we have

s oW

i_6_x,-:6_x,- i=1,...,n (38)

From the prime integral of the canonical system, one can obtain

Ai = filxi, o, ..o, 0y, k) (39)
so that from Eq. (38), it follows that
sz / filxi, o, ..., o, k)dx; (40)

The complete integral of Eq. (34) thus will be given by

S=—kXy+ D auXa+ D filxi ..., 0k dg (41
a k

As stated by the Hamilton-Jacobi theorem, the functions x;(¢)
and 4;(#) determined by the system

as as

—— = 8. = const — =2 i=1,..., 42
S B; = cons o5, ; (Jj n) (42)

are solutions of the canonical system.

Fig.1 Transfer between two circular orbits.

V. Optimal Orbital Transfer

Let us consider the optimal planar transfer of a space vehicle. In
a polar coordinate system, if y is the declination angle of the thrust
(as shown in Fig. 1), the equations of motion in a central field are
given by

v? e
Uy =—— -3¢ — vu, cos(y) = fi
Y r0+y (r§+y)2
Uy Uy . .
Uy = _— - i, SIn(l//) = f2 (43)
ro+y
. . Uy
y:Uy:f3 9:r0+y:f4
where
1 mg
—/ vdt = bo—
my

0

Using canonical transformation theory for the case v = 0, corre-
sponding to zero thrust, we shall determine the coast arc minimiz-
ing the time of transfer between two circular orbits. The modified
Poincare variables proposed by Pinkham!'? defining an elliptic orbit
are given by

h:[MY 0 0

k (44)

q = e cos(w) s = e sin(®)
where a is the semimajor axis, e the eccentricity, o the argument
of perihelion, & the angular momentum, and k the gravitational
constant.

Let X ={h,q,s,0,t}andx = {v,, v, y, 0, t}. We will consider
the transformation (23), x = @(x), defined by

_ X, sin(X,) — X5 cos(Xy)

X <
1
1+ X, cos(Xy) — X3sin(Xy)
X =
2 o (45)
ngrg
X3 + ro =

1+ X, cos(X,) + X, sin(X,)

x4 = X4 x5 = X5

By means of transformation(45) and using the inverse of Eq. (24),
the Lagrange multipliers’ transformation will be obtained:
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A = Ay X sin(Xy) — A3 X cos(Xy)
T 1+ X, cos(Xy) + X5 sin(Xy)
4+ A {X5> + [2 4+ X, cos(Xy) + X5 sin(X,)] cos(X4)}

2

XA,

+ A3{X; +[2 + X, cos(Xy) + X5 sin(X,)]sin(Xy)})

. (46)
_ 1+ X, cos(Xy) + X3 sin(Xy)

A
gréxl

X5 + cos(X X3 4+ sin(X
X[Alez X 4 % <4>}
X, X,

Ay = =M X5+ A3 X, + Ay As = As

The Hamiltonian associated with the optimum problem may be
written as

5
H*(x, A u) = D A fi(x.u) (47)
i=1
The optimality conditionis given by
OH* OH*
=0 <0 (48)
oy oy?

By considering Eq. (48), the Hamiltonian (47) along the optimal
trajectory can be written as

H*(x, A\, u*) = Hy(x, X) + H,(x, A\, u™) (49)
where
Hye, ) = 24| =2 di
X, = -
0 " 7o + 1 § (ro + x3)*
X1X2 X2

—A + Ax; + A + A 50
27'0+X3 3A1 47'0+X3 5 ( )

H,(x, A\, u*) = —v/A? + Au, = —vu, (A cos y + A sin y)

Let X; = ¢; (i = 1,2, 3) stand for Kepler’s constants, i.e., the
prime integrals of the motion defined by Eq. (44). The Hamiltonian
obtained by the canonical transformation (45) in accordance with
the null reaction force might be written as

1 + X, cos(X,) + X5 sin(Xy)]?
A4[ 2 cos(Xy) 3 sin(Xy)] n

Ky = Z AiXi = As
Xier
(51)
We also have
1
K, = —wu,X,[A*(X, A) + B*(X, A)]? (52)

where the expressions of A(X, A) and B(X, A) are given by
A(X, A) = Ay sin(X,) — Az cos(Xy)
1
14+ X, cos(Xy) + X3 sin(Xy)
X {A 1 X + Ay Xy + A3 X3 + [Aycos(Xy) + Az sin(Xy)]

B(X, A) =

x [2 4 X, cos(X4) + X sin(X,)1} (53)

According to Eq. (25), we may define the Hamiltonian K with d/
dX, =1/X,,

K=Ky+K,= A+ (As — Cp)
N Xisrg
[1+ X, cos(Xy) + X5 sin(X,)]?

— Y, X, [A? + B2}

Xigry
X
[1+ X, cos(Xy) + X5 sin(X,)]?

(54)

Developing the canonical transformationin Eq. (31), we obtain

p1 =X, P=Xs Ps=X;3 Ps = Ay
ps = As —Cy q = —A G =—A, (55
g = —A;3 g4 = X, qs = Xs
The expressionin Eq. (33) will be written as
oS
= 56
P o4, (56)

or, using the new independent variable 6 = X4, the expression of
the Hamiltonian K, becomes

P} ps
[1 + p2cos(qs) + p3 sin(ga)]?

The generating function § is the solution of the Hamilton-Jacobi
equation (34) for X, = 6.

Because g, q», g3, and gs are cyclic variables, they do not appear
in the expression of K, and it follows that p;, p,, p;, and ps are
constants.

(57)

K, = py+3gry

Therefore,
oS ~ as
— = —Ky=—k=0 — =p;, =qa = X, = const
00 0q;
oS
— =p, =0 = X, = const (58)
04>
oS oS
— = p3 = o = X3 = const —=ps=u=A;—-C
0q; 0qs
From the first equation of Eq. (58), we have
S=—k6+W(q,....q5 (59)

According to the relations (37) and (38) and using Eq. (58), we
get

W =00+ ouq) + gy + az3qs + asqs — oqa

dg
—grioay / — (60)
[1+ a2 cos(ga) + a3 8in(qq)]
Elliptic Case
The eccentricity e < 1, from which we have the discriminant

A=4(d+cd—1)=e—1<0 (61)

In this case with the substitutiontan(q,/ 2) = u, the integral is trans-
formed to

7 — / dg4
[1+ on cos(qs) + a3 sin(gs)]?

2
- / At B, -dr (62)
=1 [ = + 20u + (1+ )]

and by performing the analytic integrations, we get the generating
function

S =—k0+ o1q) + 00qs + 03q5 + Cugs — gy — Era A oy

2 11—
X 1
(I=—a)(l-d—ad) | (1-a2 )

(1 — ) tan(qs/2) +
(1 e -a)*
N 1
(1 — o) tan?(qs/ 2) + 203 tan(gs/ 2) + (1 + o)

X[aﬁ(agmg_%)tan@)}}

X arctan
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Parabolic Case
Becausee = 1, we haveA = 0, and the integral / is reduced to

2 5 C,
= ——— L d 63
<1—%V§;/{u+mym—%nwt 0

It follows that
S = —k0+ 0ng: + a3q3 + ougs — 0oqs + 8ryof oy

x 2 [3(1 — )’ tan? <ﬂ>
3(1 — a)[(1 — o) tan(qa/ 2) + ] 2

—3a5(1 — o@)tan(%) +(1 -’ +a(+ 3@} (64)

VI. Elliptic Case Solution
The manifold {¢y, . .., oy} provides five constants of the motion.
We still need 10 constants to complete the elliptic arc’s represen-
tation.
The other constants will be obtained using the theorem of Jacobi,
namely,

oS
- 6“,‘
The unknowns are t, A, A,, A;, A4, and As — Cy = ay. For an

independent variable, we get [X (¢, 8), A(ca, )], representing the
solution of the elliptic arc problem

Bi (65)

8r
6=n/4
6l
p2
=
O 4+ Fig.2 Validity of the Y
5 approximation for a small
. First Order range angle.
5,
@ Second Order
0 _«/0.001 0.01 0.10 1.0
Eccentricity

VII. Numerical Results

The solution form (66) is especially useful for near-circularcoast
arcs because then g = X, = o and s = X3 = o are near zero.
Alsothearc-tangentfunction Y canbe approximatedto second order
in eccentricity by

Y ~ 1[0 — X, 5in 0+ X;(1 + cos 0)
+ X, X, sin29+%(X§—X§) sin9c059] (67)

Equation (67) is extremely useful in the study of certain multirev-
olutionoptimal low-thrusttrajectoriesbecause then the troublesome

X3 =04

X, = X =

1 1 —oy)tan(6/2) + «

Xs = Ps+ 2gr;a larctan( 2) tan( )_, :
(1—0(22—0(32)2 (1—05%—05%)2

oz + (oc% +ad— ocz) tan(6/2)

Xy=pB+0

(66)

: |
(1 — o)1 — & = &2)’[(1 = ) tan*(0/2) + 205 tan(6/2) + (1 + )] J

and for the adjoint variables,

Ay =B —68"50512064

1 (1 — o) tan(6/2) + o

-arctan

(1 —a3 - ag)i

1

(1 e - )’

0
+ (g + o — > !=Fh
Tl — @ - @)1 o) @ (@2) + 200 @n(@2) + (1 + o0)] [% (d+a az)tan(z)L (e )

2griatoy
Ay = =P —

_3 (1 — ) tan(6/2) + o

tan2(0/2) — 1

(1= o) (1 — @ — o) [tan?(0/2) + 205 tan(0/2) + (1 + o)

3a,(1 — &2 — &) Zarctan ,
(1-af—ad)’

0 0
2+ a2 — op)tan| = 20, — )tan| = ) —
T ) an(62) + 20 an(@2) + (1 + @) [“3 (@ ) an(z)} Fee-D an(z) o2t

1-3c — o +2
e _2a§_a§+a2)tan<§>+ (1-303 — 03 +20) [a3+(og+o§—a2)tan<§>” = Fy(a;. B)

(1— o)1 — 0 — o)

J

(1 — ) tan(6/2) + oy

_2
Ay = —P; —2griajay { 3o5(1 — of — &) arctan

(1-a - )

. [2— 402 + 502 — 9,02 + 2(02 + ) | tan®(6/2) + o (5 — 502 + 42 tan(6/2) + (1 + &) (2 — 202 + )

(1 —a)(1— o2 —a2)’[(1 = o) tan?(8/2) + 20 tan(6/2) + (1 + )]

! = F3(a;, B2)
)

As =Co+ oy = Fi(ay)
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8 -

8T Firstorder
8 Second Order
8al Fig.3 Validity of the Y
= approximation for
3 a large angle (after 50
£ revolutions).

®=45°
oly |

0.001 0.01 0.10 1.0
Eccentricity

task of keeping track of the arctangent function is avoided.’
For example, on a representative optimal escape trajectory (70.5
revolutions and travel time = 1.28 x 10° s) with circular initial
conditions, the approximation of Eq. (67) held at least six-digit ac-
curacy for the first 85% of the trajectory and at least three-digit
accuracy for the remainder of the trajectory. On representative mul-
tirevolutioncircular orbit transfers, the approximationheld six-digit
accuracy for the entire trajectory. The reason for this convergence
behavior is indicated by Figs. 2 and 3. That is, for the major initial
portion of both classes of trajectories, the eccentricity is less than
0.01.

VIII. Conclusions

The paper applies the theory of canonical transformations to the
study of optimal orbit transfer. The modified Poincare variables are
used in this context. The generating function is determined as a
complete integral of the Hamilton-Jacobi equation. A procedure
for obtaining a set of canonical constants, which defines the elliptic
coastarc, is described.

As an application of the theory, we consider the minimization of
the orbital transfer time in a central force field. One of the nonsin-
gular arcs was analyzed.

A natural extension of this investigationwould be to start with the
Hamiltonian K [X (a, ), A(c, B)] and attempteither to canonically
transformthe systemor to performa canonical perturbationanalysis
to incorporate the effects of the engine thrust. Inasmuch as the time
rates of changes of o; and f3; will be multiplied by the thrust, they
should be slowly varying elements for very low-thrust missions.
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