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For x(t) and ¸(t ) that solve system (7), there exists a control
u(t ) for which the necessary optimum condition represented by
Pontryagin’s maximum principle is satis� ed,

H [x(t ), u(t ), ¸(t )] D sup
u 2 U

H [x(t ), u, ¸(t )] (8)

for each t 2 [t0, t1], where

k 0(t ) D const · 0 H [x(t ), u(t ), ¸(t )] D 0 (9)

For nonautonomoussystems,

Pxi D fi (x, u, t) (i D 1, . . . , n) (10)

and the performance index

J D
Z t1

0

f0(x, u, t ) dt (11)

the assumptions made in the autonomous case are maintained on
the manifold Rn C 1 £ U . With the substitution t D xn C 1, this case
can be reduced to the case of autonomous systems.

Because H ¤( Nx , Nk ) does not depend on the independent variable,
it follows that it is a prime integral of the canonical system, i.e.,

H ¤( Nx, Nk ) D h (12)

where Nx D (x1 , . . . , xn C 1) and Nk D ( k 1 , . . . , k n C 1).
Let t be the new independent variable de� ned by

dt

d t
D v ( Nx, Nk ) (13)

Considering the Hamiltonian

NH D v ( Nx , Nk )[H ¤ ¡ h] (14)

it will be shown that it veri� es a canonical system.
Because the optimality conditions represent a Hamiltonian sys-

tem described by the generalized coordinates x D (x1, . . . , xn) and
the generalizedmomenta ¸ D ( k 1 , . . . , k n), it follows that the prop-
erties of Hamiltonian systems may be used in the optimal control
study.

III. Canonical Transformations
Let us consider the general form

x D
nX

i D 0

k i dxi ¡ H dt (15)

The transformation fX (x, ¸, t ), K (x, ¸, t )g is canonical if there
exists a function K (X , K , t ) such that if we denote

\ D
nX

i D 0

K i dX i ¡ K dt (16)

we have

dx D d \ (17)

Condition (17) is equivalent to the condition for the existence of a
function S(x, ¸, X , K , t ) so that

x D \ C dS (18)

Taking into account Eqs. (15) and (16), Eq. (18) can be written
as

nX

i D 0

( k i dxi ¡ K i dX i ) C (K ¡ H ) dt D dS (19)

Becausefor xi , X i , and t thevariationcoincideswith thedifferential,
relation (19) may be written

nX

i D 0

( k i d xi ¡ K i d X i ) C (K ¡ H ) d t D d S C
¶ S

¶ t
d t (20)

from which it follows that
nX

i D 0

( k i d xi ¡ K i d X i ) D d S K ¡ H D
¶ S

¶ t
(21)

As already shown, along the optimal trajectory, dS D 0.
The performanceindexof theoptimumproblemstatedis invariant

with respect to the canonical transformationperformedso that if the
transformation is time independent, it follows that

nX

i D 1

( k i d xi ¡ K i d X i ) D 0 (22)

Let us consider the transformation

x D U (X ) (23)

Using relation (22), it follows that

K i D
nX

j D 1

k j
¶ U j

¶ X i
(i D 1, . . . , n) (24)

Relation (24) expresses the transformationof the Lagrange mul-
tipliers determined by the state-variablestransformation.The trans-
formed Hamiltonian K must satisfy Pontryagin’s maximum princi-
ple along the optimal trajectory; thus, it requires the determination
of the optimal control u D u0(X , K ). Taking into account the ex-
tremum condition [ ¶ K (X, K )/ ¶ u] D 0, it follows that on the opti-
mal trajectory the system obtained by a canonical transformation is
Hamiltonian.

Let the equations of motion of a space vehicle be linear with
respect to the thrust vector T.

When the thrust is off, the space vehicle’s motion represents the
natural trajectory for which X a D ca ( a D 1, . . . , p) are prime
integrals of the motion.

Taking into account the structure of the Hamiltonian obtained by
the change of the independent variable expressed by relation (14),
it follows that

NK D dt

dX t

[K ¡ C] (25)

or, for the analyzed case,

NK0 D dt

dX t

[K0 ¡ C0] (26)

where C0 D K0 representsthe value of the Hamiltonian at the initial
time of the null thrust optimal trajectory arc. The existence of the
cyclic variables X a simpli� es the construction of the generating
function S(x, ¸, X, K ).

IV. Construction of the Generating Function
Let us consider the generating function

S(x, ¸, X, K ) D S1(x a , X a ) C S2(xk , K k ) (27)

with the index a used for the cyclic variables.
The evaluationof thenoncyclicvariables’differentialsis provided

by

K k dX k D d( K k , Xk ) ¡ X k dK k (28)

Denoting

S2(xk , K k ) C
X

k

( K k Xk )Xk D Xk (xk , K k ) D NS2(xk , K k) (29)

the suf� cient canonicity condition may be written, because H D
K D const, asX

a

( k a dx a ¡ K a dX a ) C
X

k

( k k dxk C X k d K k)

D
X

a

¶ S1

¶ x a

dx a C
¶ S1

¶ X a

dX a C
X

k

¶ NS2

¶ xk
dxk C

¶ NS2

¶ K k
d K k

(30)



776 POPESCU

from which

k a D
¶ S1

¶ x a

K a D ¡
¶ S1

¶ X a

(31)

k k D
¶ NS2

¶ xk
X k D

¶ NS2

¶ K k

If we consider the following form for S:

S(x, ¸, X , K ) D
X

a

x a X a C
X

k

xk K k (32)

then

¸ D
¶ S

¶ x
¸ D ( k a , k k) (33)

Let X t be the new independent variable. The determination of
the generating function S that makes the transformed Hamiltonian
vanish requires us to solve the Hamilton–Jacobi partial differential
equation

¶ S

¶ X t

C NK0 x,
¶ S

¶ x
, X t D 0 (34)

Finding the complete integral of the nonlinear equation is equiv-
alent to the integration of the transformed canonical system.

From Eq. (34), we obtain

¶ S

¶ X t

D ¡ NK0 D ¡k D const (35)

Integrating Eq. (35) gives

S D ¡k X t C W (x1 , . . . , xn ) (36)

The unknownfunctionW will bedeterminedbyusingthe separation
of variables method. Thus,

W D
X

i

Wi (xi ) (37)

Taking Eqs. (33) and (36) into account, we have

k i D
¶ S

¶ xi
D

¶ W

¶ xi
(i D 1, . . . , n) (38)

From the prime integral of the canonical system, one can obtain

k i D fi (xi , a 1, . . . , a n , k) (39)

so that from Eq. (38), it follows that

W D
X

i

Z
fi (xi , a 1 , . . . , a n , k) dxi (40)

The complete integral of Eq. (34) thus will be given by

S D ¡k X t C
X

a

a a x a C
X

k

fi (xi , a 1 , . . . , a n , k) dxk (41)

As stated by the Hamilton–Jacobi theorem, the functions xi (t )
and k i (t ) determined by the system

¶ S

¶ a j

D b j D const
¶ S

¶ x j

D k j ( j D 1, . . . , n) (42)

are solutions of the canonical system.

Fig. 1 Transfer between two circular orbits.

V. Optimal Orbital Transfer
Let us consider the optimal planar transfer of a space vehicle. In

a polar coordinate system, if w is the declination angle of the thrust
(as shown in Fig. 1), the equations of motion in a central � eld are
given by

Pvy D
v2

x

r0 C y
¡ g

r 2
0

r 2
0 C y

2
¡ Pm ur cos( w ) D f1

Pvx D ¡ vx vy

r0 C y
¡ Pm ur sin( w ) D f2 (43)

Py D vy D f3
Ph D vx

r0 C y
D f4

where

¡
Z t1

0

Pm dt D
m0

m1

Using canonical transformation theory for the case Pm D 0, corre-
sponding to zero thrust, we shall determine the coast arc minimiz-
ing the time of transfer between two circular orbits. The modi� ed
Poincar·e variables proposed by Pinkham10 de� ning an elliptic orbit
are given by

h D
a(1 ¡ e2)

k

1
2

h D h

q D e cos( x ) s D e sin( x )

(44)

where a is the semimajor axis, e the eccentricity, x the argument
of perihelion, h the angular momentum, and k the gravitational
constant.

Let X D fh, q, s, h , tg and x D fvy , vx , y, h , tg. We will consider
the transformation (23), x D U (x), de� ned by

x1 D
X2 sin(X4) ¡ X3 cos(X4)

X1

x2 D
1 C X2 cos(X4) ¡ X3 sin(X4)

X1
(45)

x3 C r0 D
X2

1 gr2
0

1 C X2 cos(X4) C X3 sin(X4)

x4 D X4 x5 D X5

By means of transformation(45)and using the inverseof Eq. (24),
the Lagrange multipliers’ transformationwill be obtained:
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k 1 D K 2 X1 sin(X4) ¡ K 3 X1 cos(X4)

k 2 D
X1

1 C X2 cos(X4) C X3 sin(X4)
(((X1 K 1

C K 2fX2 C [2 C X2 cos(X4) C X3 sin(X4)] cos(X4)g

C K 3fX3 C [2 C X2 cos(X4) C X3 sin(X4)] sin(X4)g))
(46)

k 3 D
1 C X2 cos(X4) C X3 sin(X4)

gr 2
0 X1

£ K 1 C K 2
X3 C cos(X4)

X1
C K 3

X3 C sin(X4)
X1

k 4 D ¡ K 2 X3 C K 3 X2 C K 4 k 5 D K 5

The Hamiltonian associated with the optimum problem may be
written as

H ¤(x, ¸, u) D
5X

i D 1

k i fi (x, u) (47)

The optimality condition is given by

¶ H ¤

¶ w
D 0

¶ H ¤

¶ w 2
< 0 (48)

By considering Eq. (48), the Hamiltonian (47) along the optimal
trajectory can be written as

H ¤(x, ¸, u¤) D H0(x, ¸) C Hm (x, ¸, u¤) (49)

where

H0(x, ¸) D k 1
x2

2

r0 C x3
¡ g

r 2
0

(r0 C x3)
2

¡ k 2
x1x2

r0 C x3
C k 3x1 C k 4

x2

r0 C x3
C k 5 (50)

Hm (x, ¸, u¤) D ¡Pm k 2
1 C k 2

2ur D ¡Pm ur ( k 1 cos w C k 2 sin w )

Let X i D ci (i D 1, 2, 3) stand for Kepler’s constants, i.e., the
prime integrals of the motion de� ned by Eq. (44). The Hamiltonian
obtained by the canonical transformation (45) in accordance with
the null reaction force might be written as

K0 D
5X

i D 1

K i
PX i D K 4

[1 C X2 cos(X4) C X3 sin(X4)]2

X3
1 gr2

0

C K 5

(51)
We also have

K m D ¡Pm ur X1[A2(X, K ) C B2(X, K )]
1
2 (52)

where the expressions of A(X, K ) and B(X, K ) are given by

A(X, K ) D K 2 sin(X4) ¡ K 3 cos(X4)

B(X , K ) D 1

1 C X2 cos(X4) C X3 sin(X4)

£ fK 1 X1 C K 2 X2 C K 3 X3 C [ K 2 cos(X4) C K 3 sin(X4)]

£ [2 C X2 cos(X4) C X3 sin(X4)]g (53)

According to Eq. (25), we may de� ne the Hamiltonian NK with dt/
dX t D 1/ PX4,

NK D NK0 C NK m D K 4 C ( K 5 ¡ C0)

£
X 3

1gr2
0

[1 C X2 cos(X4) C X3 sin(X4)]2
¡ Pm ur X1[A2 C B2]

1
2

£
X 3

1gr2
0

[1 C X2 cos(X4) C X3 sin(X4)]2
(54)

Developing the canonical transformation in Eq. (31), we obtain

p1 D X1 p2 D X2 p3 D X3 p4 D K 4

p5 D K 5 ¡ C0 q1 D ¡ K 1 q2 D ¡ K 2

q3 D ¡ K 3 q4 D X4 q5 D X5

(55)

The expression in Eq. (33) will be written as

pi D
¶ S

¶ qi

(56)

or, using the new independent variable h D X4 , the expression of
the Hamiltonian NK0 becomes

NK0 D p4 C gr2
0

p3
1 p5

[1 C p2 cos(q4) C p3 sin(q4)]2
(57)

The generating function S is the solution of the Hamilton–Jacobi
equation (34) for X t D h .

Because q1 , q2 , q3, and q5 are cyclic variables,they do not appear
in the expression of NK0 , and it follows that p1 , p2 , p3, and p5 are
constants.

Therefore,

¶ S

¶ h
D ¡ QK0 D ¡k D a 0

¶ S

¶ q1
D p1 D a 1 D X1 D const

¶ S

¶ q2
D p2 D a 2 D X2 D const (58)

¶ S

¶ q3
D p3 D a 3 D X3 D const

¶ S

¶ q5
D p5 D a 4 D K 5 ¡ C

From the � rst equation of Eq. (58), we have

S D ¡k h C W (q1, . . . , q5) (59)

According to the relations (37) and (38) and using Eq. (58), we
get

W D a 0 h C a 1q1 C a 2q2 C a 3q3 C a 4q5 ¡ a 0q4

¡ gr 2
0 a 3

1 a 4

Z
dq4

[1 C a 2 cos(q4) C a 3 sin(q4)]2
(60)

Elliptic Case
The eccentricity e < 1, from which we have the discriminant

D D 4 a 2
3 C a 2

2 ¡ 1 D e2 ¡ 1 < 0 (61)

In this case with the substitutiontan(q4/ 2) D u, the integral is trans-
formed to

I D
Z

dq4

[1 C a 2 cos(q4) C a 3 sin(q4)]2

D
2X

j D 1

Z
A j u C B j

(1 ¡ a 2)u2 C 2 a 3u C (1 C a 2)
j

dt (62)

and by performing the analytic integrations, we get the generating
function

S D ¡k h C a 1q1 C a 2q2 C a 3q3 C a 4q5 ¡ a 0q4 ¡ gr2
0 a 3

1 a 4

£
2

(1 ¡ a 2) 1 ¡ a 2
2 ¡ a 2

3

8
<

1 ¡ a 2

1 ¡ a 2
2 ¡ a 2

3

1
2

£ arctan
(1 ¡ a 2) tan(q4/ 2) C a 3

1 ¡ a 2
2 ¡ a 2

3

1
2

C 1

(1 ¡ a 2) tan2(q4/ 2) C 2 a 3 tan(q4/ 2) C (1 C a 2)

£ a 3 C a 2
2 C a 2

3 ¡ a 2 tan
q4

2

9
=

;
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Parabolic Case
Because e D 1, we have D D 0, and the integral I is reduced to

I D 2

(1 ¡ a 2)2

4X

j D 1

Z
C j

fu C [a 3/ (1 ¡ a 2)]g j
dt (63)

It follows that

S D ¡k h C a 2q2 C a 3q3 C a 4q5 ¡ a 0q4 C gr2
0 a 3

1 a 4

£ 2

3(1 ¡ a 2)[(1 ¡ a 2) tan(q4/ 2) C a 3]
3(1 ¡ a 2)2 tan2 q4

2

¡ 3 a 3 1 ¡ a 2
2 tan

q4

2
C (1 ¡ a 2)2 C a 2

3 (1 C 3 a 2) (64)

VI. Elliptic Case Solution
The manifold f a 0 , . . . , a 4g provides � ve constantsof the motion.

We still need 10 constants to complete the elliptic arc’s represen-
tation.

The other constantswill be obtainedusing the theorem of Jacobi,
namely,

b i D
¶ S

¶ a i

(65)

The unknowns are t , K 1, K 2, K 3, K 4, and K 5 ¡ C0 D a 4. For an
independent variable, we get [X ( a , b ), K ( a , b )], representing the
solution of the elliptic arc problem

X1 D a 1 X2 D a 2 X3 D a 3 X4 D b 0 C h

X5 D b 4 C 2gr2
0 a 3

1

8
<

1

1 ¡ a 2
2 ¡ a 2

3

1
2

arctan
(1 ¡ a 2) tan( h / 2) C a 3

1 ¡ a 2
2 ¡ a 2

3

1
2

(66)

C
a 3 C a 2

2 C a 2
3 ¡ a 2 tan( h / 2)

(1 ¡ a 2) 1 ¡ a 2
2 ¡ a 2

3

2
(1 ¡ a 2) tan2( h / 2) C 2a 3 tan( h / 2) C (1 C a 2)

9
=

;

and for the adjoint variables,

K 1 D ¡ b 1 ¡ 6gr2
0 a 2

1 a 4

8
<

1

1 ¡ a 2
2 ¡ a 2

3

1
2

arctan
(1 ¡ a 2) tan( h / 2) C a 3

1 ¡ a 2
2 ¡ a 2

3

1
2

C 1

(1 ¡ a 2) 1 ¡ a 2
2 ¡ a 2

3 (1 ¡ a 2) tan2( h / 2) C 2 a 3 tan( h / 2) C (1 C a 2)
a 3 C a 2

2 C a 2
3 ¡ a 2 tan

h

2

9
=

; D F1( a i , b 1)

K 2 D ¡ b 2 ¡
2gr 2

0 a 4
1 a 4

(1 ¡ a 2) 1 ¡ a 2
2 ¡ a 2

3 tan2( h / 2) C 2 a 3 tan( h / 2) C (1 C a 2)

8
<

3a 2 1 ¡ a 2
2 ¡ a 2

3

¡ 5
2 arctan

(1 ¡ a 2) tan( h / 2) C a 3

1 ¡ a 2
2 ¡ a 2

3

1
2

C tan2( h / 2) ¡ 1

(1 ¡ a 2) tan2( h / 2) C 2 a 3 tan( h / 2) C (1 C a 2)
a 3 C a 2

2 C a 2
3 ¡ a 2 tan

h

2
C (2 a 2 ¡ 1) tan

h

2
¡ a 2 a 3

¡ 1 ¡ 2 a 2
2 ¡ a 2

3 C a 2 tan
h

2
C

1 ¡ 3 a 2
2 ¡ a 2

3 C 2 a 2

(1 ¡ a 2) 1 ¡ a 2
2 ¡ a 2

3

a 3 C a 2
2 C a 2

3 ¡ a 2 tan
h

2

9
=

; D F2( a i , b 2)

K 3 D ¡ b 3 ¡ 2gr2
0 a 3

1 a 4

8
<

3 a 3 1 ¡ a 2
2 ¡ a 2

3

¡ 3
2 arctan

(1 ¡ a 2) tan( h / 2) C a 3

1 ¡ a 2
2 ¡ a 2

3

1
2

C
2 ¡ 4 a 2

2 C 5 a 2
3 ¡ 9a 2 a

2
3 C 2 a 2

2 C a 2
3 tan2( h / 2) C a 3 5 ¡ 5 a 2

2 C 4 a 2
3 tan( h / 2) C (1 C a 2) 2 ¡ 2 a 2

2 C a 2
3

(1 ¡ a 2) 1 ¡ a 2
2 ¡ a 2

3

2
(1 ¡ a 2) tan2( h / 2) C 2 a 3 tan( h / 2) C (1 C a 2)

9
=

; D F3( a i , b 2)

K 5 D C0 C a 4 D F4( a 4)

Fig. 2 Validity of the Y
approximationfor a small
range angle.

VII. Numerical Results
The solution form (66) is especially useful for near-circularcoast

arcs because then q D X2 D a 2 and s D X3 D a 3 are near zero.
Also thearc-tangentfunctionY canbe approximatedto secondorder
in eccentricity by

Y ¼ 1
2

h ¡ X2 sin h C X3(1 C cos h )

C X2 X3 sin2 h C 1
2

X2
2 ¡ X 2

3 sin h cos h (67)

Equation (67) is extremelyuseful in the study of certainmultirev-
olutionoptimal low-thrust trajectoriesbecausethen the troublesome
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Fig. 3 Validity of the Y
approximation for
a large angle (after 50
revolutions).

task of keeping track of the arctangent function is avoided.7,9

For example, on a representative optimal escape trajectory (70.5
revolutions and travel time D 1.28 £ 106 s) with circular initial
conditions, the approximation of Eq. (67) held at least six-digit ac-
curacy for the � rst 85% of the trajectory and at least three-digit
accuracy for the remainder of the trajectory.On representativemul-
tirevolutioncircularorbit transfers, the approximationheld six-digit
accuracy for the entire trajectory. The reason for this convergence
behavior is indicated by Figs. 2 and 3. That is, for the major initial
portion of both classes of trajectories, the eccentricity is less than
0.01.

VIII. Conclusions
The paper applies the theory of canonical transformations to the

study of optimal orbit transfer. The modi� ed Poincar·e variables are
used in this context. The generating function is determined as a
complete integral of the Hamilton–Jacobi equation. A procedure
for obtaining a set of canonical constants,which de� nes the elliptic
coast arc, is described.

As an applicationof the theory, we consider the minimization of
the orbital transfer time in a central force � eld. One of the nonsin-
gular arcs was analyzed.

A naturalextensionof this investigationwould be to start with the
Hamiltonian K [X ( a , b ), K ( a , b )] and attempteither to canonically
transformthe systemor to performa canonicalperturbationanalysis
to incorporate the effects of the engine thrust. Inasmuch as the time
rates of changes of a i and b i will be multiplied by the thrust, they
should be slowly varying elements for very low-thrust missions.
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